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Abstract
Thermal production of light dark matter with sub-GeV scale mass can be attributed
to 3→ 2 self-annihilation processes. We consider the thermal average for annihilation
cross sections of dark matter at 3 → 2 and general higher-order interactions. A
correct thermal average for initial dark matter particles is important, in particular,
for annihilation cross sections with overall velocity dependence and/or resonance
poles. We apply our general results to benchmark models for SIMP dark matter and
discuss the effects of the resonance pole in determining the relic density.
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1 Introduction
Thermal dark matter, that was once in chemical equilibrium and decoupled from ther-
mal plasma in the Universe, has been one of the plausible candidates for dark matter, in
particular, under the name of Weakly Interacting Massive Particles (WIMP). Chemical
equilibrium of dark matter usually requires a standard 2→ 2 annihilation of dark matter
into the SM particles, so it has provided an interesting interplay between the relic den-
sity, direct and indirect detection of dark matter at terrestrial and satellite experiments.
Recently, a new mechanism for freezing out the density of dark matter from the 3 → 2
annihilation process, coined the Strongly Interacting Massive Particles (SIMP) [1], has
recently drawn special attention, due to the fact that there is no need of a large coupling
between dark matter and the SM particles in this case.
Dark matter in the early Universe has once had a Maxwell-Boltzmann velocity distri-
bution in the non-relativistic limit for which the DM annihilates only. Thus, there is a
need of making a thermal average for the annihilation cross section of dark matter in order
to incorporate it in the Boltzmann equation for the DM relic density. In particular, when
the annihilation cross section depends strongly on the DM velocity, for instance, due to
dominance of higher partial waves or resonance poles. In the case of WIMP dark matter
that is based on the 2 → 2 annihilation, it is enough to do the thermal average for the
velocity of a single DM particle or the relative velocity in the center of mass frame. On
the other hand, in the case of SIMP dark matter that is based on the 3→ 2 annihilation,
we need to do the thermal averages for two (relative) velocities of dark matter in the ini-
tial states. Given that the velocity dependence of the 3 → 2 annihilation depends on the
properties of dark matter [2–8] and the existence of resonance poles [8], it is worthwhile to
make a systematic study of the thermal averages for 3 → 2 and higher-order annihilation
processes in general.
In this article, we present a general discussion on the thermal average of the 3 → 2
annihilation cross section in the perturbative regime where the velocity expansion is valid
and near the resonance pole that mediates between three particles in the initial state and
two particles in the final state. We discuss the effects of the resonance pole on the thermal-
averaged cross section as well as the relic density and compare the results to the WIMP
case. Representative examples for SIMP dark matter, such as models with Zn discrete
symmetries and dark mesons, are discussed in light of the thermal average of the 3 → 2
annihilation cross section without or with a resonance pole.
The paper is organized as follows. We begin with a review on the thermal average
of the 2 → 2 annihilation cross section and then discuss a counterpart of the 3 → 2
annihilation cross section without or with a resonance. Next we incorporate the thermal-
averaged cross sections in the Boltzmann equations for WIMP and SIMP cases and apply
our general results for known models for SIMP dark matter. We continue to generalize
our discussion to the 3 → 2 coannihilation between particles with different masses and
higher-order annihilation processes. Finally, conclusions are drawn.
1
2 Thermal average for 2→ 2 DM annihilations
To warm up and compare to our later discussion on 3→ 2 processes, we first give a review
on the thermal average of the standard 2 → 2 annihilation cross section without or with
a resonance. Assuming that two DM particles in the initial states have the same masses,
m1 = m2 ≡ mDM, the thermal averaged 2→ 2 cross section is given by
〈σv〉 =
∫
d3v1d
3v2 δ
3(~v1 + ~v2)(σv) e
− 1
2
x(v21+v
2
2)∫
d3v1d3v2 δ3(~v1 + ~v2) e
− 1
2
x(v21+v
2
2)
, (1)
where the momentum conservation is included as a delta function in the center of mass
frame and x ≡ mDM
T
with T being the DM temperature that is equal to the background
temperature in kinetic equilibrium. In this case, the thermal average is simplified to the
integral for relative velocity, |~v1 − ~v2| ≡ v, as follows,
〈σv〉 = x
3/2
2
√
pi
∫ ∞
0
dv v2(σv) e−
1
4
xv2 . (2)
Suppose to take the velocity expansion of the 2→ 2 cross section as
(σv) =
∞∑
l=0
al
l!
(v2)l. (3)
Due to the absence of a resonance, we get the thermal average simply as
〈σv〉 = 1
2
√
pi
∞∑
l=0
4l+1Γ
(
l +
3
2
) al
l!
x−l
= a0 + 6a1x
−1 + 30a2x−2 + · · · . (4)
Thus, we have recovered the well known results for the thermal-averaged 2→ 2 annihilation
cross section [10].
On the other hand, in the presence of a resonance R, the 2 → 2 annihilation cross
section for χχ→ R→ ff¯ takes the following Breit-Wigner form,
(σv)R =
32pi
m2Rβχ
γ2R
(R − η)2 + γ2R
Br(R→ χχ) Br(R→ ff¯)
≡
∞∑
l=0
bl
l!
ηl
γ2R
(R − η)2 + γ2R
, (5)
where βχ is the DM velocity, and η ≡ 14v2, R ≡
m2R−4m2DM
4m2DM
and γR ≡ mRΓR4m2DM , with mR,ΓR
being the mass and width of the resonance. Then, we obtain the general result for the
thermal average with a resonance as follows,
〈σv〉R = 2x3/2
√
piγR
∞∑
l=0
bl
l!
Fl(zR;x) (6)
2
where zR ≡ R + iγR and
Fl(zR;x) = Re
[
i
pi
∫ ∞
0
ηl+1/2e−xη dη
zR − η
]
= (−1)l ∂
l
∂xl
F0(zR, x). (7)
Here, the generating integral is given by
F0(zR;x) = Re
[
i
pi
∫ ∞
0
η1/2e−xη dη
zR − η
]
= Re
[
z
1/2
R e
−xzRErfc(−ix1/2z1/2R )
]
, (8)
with the complementary error function being given by
Erfc(a) ≡ 2√
pi
∫ ∞
a
e−t
2
dt. (9)
In particular, in the narrow width approximation with γR  1, we get F0(zR;x) ≈

1/2
R e
−xRθ(R) with θ(R) = 1 for R > 0; θ(R) = 0 for R < 0 and the thermal aver-
aged cross section becomes
〈σv〉R ≈ 2
√
piγR 
1/2
R x
3/2e−xRθ(R)
∞∑
l=0
bl
l!
lR. (10)
Thus, the averaged annihilation cross section becomes a step function in the narrow width
approximation, being sensitive to the resonance mass [10,11].
In Fig. 1, we show the exact results for the averaged annihilation cross section with
s-wave overall factor in arbitrary unit as a function of R for a fixed γR and temperature,
T = mDM
15
. In the limit of a narrow width, the averaged annihilation cross section is shown
to be step-wise as in our approximate formula in eq. (10).
3 Thermal average for 3→ 2 DM annihilations
Assuming that three DM particles in the initial states have the same masses, m1 = m2 =
m3 ≡ mDM, the thermal averaged 3→ 2 cross section is given by
〈σv2〉 =
∫
d3v1d
3v2d
3v3 δ
3(~v1 + ~v2 + ~v3)(σv
2) e−
1
2
x(v21+v
2
2+v
2
3)∫
d3v1d3v2d3v3 δ3(~v1 + ~v2 + ~v3) e
− 1
2
x(v21+v
2
2+v
2
3)
. (11)
We assumed that the spins of dark matter are averaged and summed over initial and final
states in 3→ 2 processes. Then, the resulting velocity expansion of the 3→ 2 cross section
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Figure 1: Thermal-averaged 2→ 2 annihilation cross section near resonance as a function
of R. Here, the cross section is given in arbitrary unit, so only the relative ratio at different
values of R is important.
depends on the spin and parity of dark matter. For instance, in the case of fermionic SIMP,
the initial states in the 3 → 2 process can be all fermions as discussed in Ref. [15] while
the case of vector SIMP was discussed [6] or will be published elsewhere [7].
In the non-relativistic limit of dark matter, taking into account the Galilean symmetry
and permutation symmetry between three initial DM particles, we can take the velocity
expansion of the 3→ 2 cross section as follows,
(σv2) = a0 + a1(v
2
1 + v
2
2 + v
2
3) + a
(1)
2 (v
2
1 + v
2
2 + v
2
3)
2 + a
(2)
2 (v
4
1 + v
4
2 + v
4
3) + · · · . (12)
There appear more combinations of squared velocities at higher orders. We note that at
the fourth order in velocities, an alternative basis can be choosen with v21v
2
2 + v
2
2v
2
3 + v
2
3v
2
1
or (~v1 · ~v2)2 + (~v2 · ~v3)2 + (~v3 · ~v1)2, instead of v41 + v42 + v43, whenever it is more convenient
for thermal average 1.
3.1 Non-resonance
The thermal average of velocity terms, given by a function of v21 + v
2
2 + v
2
3, namely in an
SO(9) symmetric form, can be easily computed in a closed form as below. Thus, we first
treat them separately and next consider general terms of the form, (v21)
n(v22)
m(v23)
l.
1We note the following identities, v21v
2
2 + v
2
2v
2
3 + v
2
3v
2
1 =
1
2 (v
2
1 + v
2
2 + v
2
3)
2 − 12 (v41 + v42 + v43), and
(~v1 · ~v2)2 + (~v2 · ~v3)2 + (~v3 · ~v1)2 = v41 + v42 + v43 − 14 (v21 + v22 + v23)2 due to ~v1 + ~v2 + ~v3 = 0.
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First, we take the velocity expansion of the 3 → 2 cross section in the following form
with SO(9) invariance,
(σv2) =
∞∑
l=0
al
l!
ηl (13)
with η ≡ 1
2
(v21 + v
2
2 + v
2
3). Then, the corresponding thermal average is given by
〈σv2〉 = 1
2
x3
∞∑
l=0
al
l!
∫ ∞
0
dη ηl+2e−xη
=
1
2
∞∑
l=0
(l + 1)(l + 2)al x
−l
= a0 + 3a1x
−1 + 6a2x−2 + · · · . (14)
In most cases, the most important terms appear up to p-wave terms that are SO(9) in-
variant, so the above result gives rise to a good approximation for the full average. But,
if the 3 → 2 cross section is velocity-suppressed, we need to take into account the precise
form of higher order terms in the velocity expansion.
There are cases where the leading terms in the velocity expansion are higher than p-
wave, such as in the case with SIMP mesons which have leading d-wave terms. Thus, for
more general velocity terms, we need to do the velocity integrations as
〈(v21)n(v22)m(v23)l〉 =
3
√
3x3
pi
∫ ∞
0
dv1v
2
1
∫ ∞
0
dv2v
2
2(v
2
1)
n(v22)
m ×
×
∫ +1
−1
d cos θ12(v
2
1 + v
2
2 + 2v1v2 cos θ12)
l e−x(v
2
1+v
2
2+v1v2 cos θ12)
≡ cnml x−n−m−l (15)
where cnml are constant coefficients depending on (n,m, l). In the case with l = 0, the
above integration can be simplified to
〈(v21)n(v22)m〉 =
3
√
3x2
pi
∫ ∞
0
dv1 v
2n+1e−
3
4
xv21
∫ ∞
−∞
dv′2
(
v′2 +
1
2
v1
)2m+1
e−xv
′2
2 . (16)
These integrals can be calculated numerically and some of them with low n,m, l are shown
in Table 1. Other combinations with a fixed value of n + m + l are not shown because
they are the same as the one shown in Table 1 due to permutation symmetry between dark
matter particles.
Instead, taking m = l = 0, we can perform the integral in a closed form as
〈(v21)n〉 =
(4
3
)nΓ(n+ 3
2
)
Γ(3
2
)
x−n = 〈(v22)n〉 = 〈(v23)n〉. (17)
5
(n,m, l) (1, 0, 0) (1, 1, 0) (2, 0, 0) (1, 1, 1) (2, 1, 0) (3, 0, 0)
cnml 2
14
3
20
3
100
9
160
9
280
9
Table 1: Coefficients of thermal averaged velocity terms.
In particular, using eqs. (14) and (17), we get the thermal average of d-wave terms as
follows,
〈σv2〉d−wave = a(1)2 〈(v21 + v22 + v23)2〉+ a(2)2 〈(v41 + v42 + v43)〉
= (48a
(1)
2 + 20a
(2)
2 )x
−2. (18)
In most of examples for 3 → 2 processes such as SIMP mesons, it would be sufficient to
consider at most the d-wave terms for thermal average.
3.2 Resonance
In the presence of resonances near the center of mass energy of three initial DM particles,
more care is needed in the process of thermal average. In the non-relativistic limit of dark
matter, the 3 → 2 cross section for χχχ → R → χχ, before thermal average, takes a
generalized Breit-Wigner form,
(σv2)R =
9
√
5
2βχΦ3m3R
γ2R
(R − 23η)2 + γ2R
Br(R→ χχχ) Br(R→ χχ)
≡ bR γR
(R − 23η)2 + γ2R
(19)
where βχ is the DM velocity in the two-body decay of the resonance, namely, βχ ≡√
1− 4m2χ/m2R, Φ3 is the phase space integral for the three-body decay of the resonance,
R→ χχχ, and R, γR are the counterparts for the 3→ 2 resonance, given by R ≡ m
2
R−9m2DM
9m2DM
and γR ≡ mRΓR9m2DM , with mR,ΓR being the mass and width of the resonance. We note that
the three-body phase space integral Φ3 is proportional to 
2
Rm
2
R near resonance, so the
three-body decay rate of the resonance is suppressed as compared to the two-body decay
rate.
First, when the overall factor of the 3 → 2 cross section is taken as a function of η as
bR =
∑∞
l=0
b
(l)
R
l!
ηl, the resulting thermal average is given by
〈σv2〉R = 3
4
pix3
∞∑
l=0
b
(l)
R
l!
Gl(zR;x), (20)
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Figure 2: Thermal-averaged 3→ 2 annihilation cross section near resonance as a function
of R. Here, the cross section is given in arbitrary unit, so only the relative ratio at different
values of R is important.
where
Gl(zR;x) = Re
[
i
pi
∫ ∞
0
dη
ηl+2e−xη
3
2
zR − η
]
= (−1)l ∂
l
∂xl
G0(zR;x). (21)
with zR ≡ R+ iγR. Here, the generating integral G0(zR;x) can be written in a closed form
as follows,
G0(zR;x) = Re
[
i
pi
∫ ∞
0
dη
η2e−xη
3
2
zR − η
]
=
3
2pi
γR
x
− 9
4pi
Re
[
i e−
3
2
xzRz2R
(
Γ
(
0,−3
2
xzR
)
+ ln
(
− 1
zR
)
+ ln(−zR)
)]
(22)
where the incomplete gamma function being is given by
Γ(0, a) ≡
∫ ∞
a
e−t
t
dt. (23)
For narrow width approximation with γR  1, we get G0(zR;x) ≈ 942Re−
3
2
xRθ(R) and
the thermal averaged cross section becomes
〈σv2〉R ≈ 27
16
pi2Rx
3e−
3
2
xRθ(R)
∞∑
l=0
b
(l)
R
l!
(3
2
)l
lR. (24)
7
We find that the averaged cross section in the SIMP case is more sensitive to the resonance
mass through 2R than in the WIMP case where the averaged cross section is proportional
to 
1/2
R in eq. (10). This is due to the fact that the phase space in the velocity average for
three initial DM particles takes a higher power in DM velocity so it becomes more sensitive
to the pole of the resonance.
In Fig. 2, we depict the analytic results for thermal-averaged 3→ 2 annihilation cross
section with s-wave overall factor in arbitrary unit as a function of R for a fixed γR and
temperature, T = mDM
15
. Similarly to the WIMP case, the result is sensitive to the mass of
the resonance and it becomes step-wise in the limit of a narrow width.
4 Boltzmann equations for dark matter
We use the general results on thermal averages in the previous section to solve the Boltz-
mann equations for the relic density of WIMP or SIMP dark matter.
4.1 Boltzmann equation for WIMP
The Boltzmann equation for WIMP dark matter is given by
dnDM
dt
+ 3HnDM = −〈σv〉(n2DM − (neqDM)2). (25)
Then, the above equation can be rewritten in terms of the relic abundance of dark matter,
YDM = nDM/s, as follows,
dYDM
dx
= −λx−2〈σv〉
(
Y 2DM − (Y eqDM)2
)
(26)
where λ ≡ s(mDM)/H(mDM) with s(mDM) = 2pi245 g∗sm3DM and 1/H(mDM) = 3.02g−1/2∗ MPm2DM .
Therefore, we obtain the solution to the Boltzmann equation as
YDM(∞) ≈
(
λJ(xf )
)−1
. (27)
with
J(xf ) ≡
∫ ∞
xf
dx x−2〈σv〉. (28)
Here, xf = mDM/Tf with Tf being the freeze-out temperature. In the case without a
resonance, when 〈σv〉 = alx−l from eq. (4), the J factor becomes
J(xf ) =
al
l + 1
x−l−1f . (29)
8
As a result, the relic density of WIMP dark matter is given by
ΩWIMPh
2 =
mDMYDM(∞)s0
3M2PH
2
0/h
2
=
8.53× 10−11 GeV−2
g
1/2
∗ J(xf )
. (30)
In the case with a resonance having a narrow width with R > 0, when 〈σv〉 =
blγR 
l+ 1
2
R x
3/2e−xR from eq. (10), the J factor becomes
J(xf ) = blγR 
l+ 1
2
R
∫ ∞
xF
dx x−1/2e−xR
= bl
√
piγR 
l
R Erfc(x
1/2
f 
1/2
R ). (31)
In Fig. 3, we draw the ratio of J-factors for the 2→ 2 annihilation cross section with s-wave
overall factor at on- and off-resonance as a function of R. Thus, the large enhancement
of the thermal-averaged cross section stands out in the J-factors, helping reducing the
relic density to a right value without a large coupling. We note that the ratio of J-factors
changes by order of magnitude, depending on R below 0.1.
4.2 Boltzmann equation for SIMP
The Boltzmann equation for SIMP dark matter is given by
dnDM
dt
+ 3HnDM = −〈σv2〉(n3DM − neqDMn2DM). (32)
Similarly as in the WIMP case, we rewrite the above equation for the relic abundance of
dark matter, YDM = nDM/s, as follows,
dYDM
dx
= −ρx−5〈σv2〉
(
Y 3DM − Y eqDMY 2DM
)
(33)
where ρ ≡ s2(mDM)/H(mDM). Therefore, we obtain the solution to the Boltzmann equa-
tion as
YDM(∞) ≈
(
2ρK(xf )
)−1/2
. (34)
with
K(xf ) ≡
∫ ∞
xf
dx x−5〈σv2〉. (35)
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Figure 3: J-factors on vs off-resonance for WIMP. Narrow Width Approximation(NWA)
for the resonance is assumed and γR, R are related to the resonance width and the amount
of off-resonance as defined below eq. (5).
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As a result, the relic density of SIMP dark matter is given by
ΩSIMPh
2 =
mDMYDM(∞)s0
3M2PH
2
0/h
2
=
1.05× 10−10 GeV−2
g
3/4
∗ mDM(K(xf )/MP )1/2
. (36)
In the case without a resonance, when 〈σv2〉 = alx−l from eq. (14), the K factor
becomes
K(xf ) =
al
l + 4
x−l−4f . (37)
In the case with a resonance having a narrow width with R > 0, when 〈σv2〉 = bl l+2R x3e−
3
2
xR
from eq. (24), the K factor becomes
K(xf ) = bl 
l+2
R
∫ ∞
xF
dx x−2e−
3
2
xR
= bl 
l+2
R x
−1
f
(
e−
3
2
xf R − 3
2
xfRΓ(0,
3
2
xfR)
)
. (38)
As a result, we find that the K-factor has a different dependence on R from the one of the
J-factor in the previous section, due to the fact that the phase space in the velocity average
for the SIMP case is more sensitive to R than for the WIMP case. In Fig. 4, we depict
the ratio of K-factors for the 3 → 2 annihilation cross section with s-wave overall factor
at off- and on-resonance as a function of R. Thus, we find that the K-factor becomes
suppressed at small R unlike the WIMP case while there is an optimal value of R for
which the K-factor is maximized.
5 Benchmark models for SIMP dark matter
In this section, we discuss some benchmark models for SIMP dark matter, with or without
a resonance. We first consider a complex scalar dark matter in models with discrete gauge
symmetries and then dark mesons in models with hidden non-abelian gauge symmetries.
5.1 SIMP dark matter with discrete gauge symmetries
We consider discrete symmetries as remnants of a dark local U(1) after it is spontaneously
broken by a Higgs mechanism. Then, the 3→ 2 processes appear with dark Higgs resonance
h′ for the Z3 case [5] and with extra scalar resonance S for the Z5 case [8]. Dark matter is
a complex scalar χ with qχ = +1 in both cases or another complex scalar S with qS = +3
in the Z5 case. In both cases, the 3→ 2 processes are s-wave so our previous discussion in
Section 2.2 for the thermal average of the SO(9) invariant velocity expansion applies.
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Figure 4: K-factors on vs off-resonance for SIMP. Narrow Width Approximation(NWA)
for the resonance is assumed and γR, R are related to the resonance width and the amount
of off-resonance as defined below eq. (19).
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After a dark local U(1) is broken into a discrete symmetry Zn due to a VEV of a
charged scalar φ with qφ = n, the relevant interaction terms for SIMP dark matter in the
dark sector are given as follows [5, 8],
Z3 : LZ3 = −κ(v′ + h′)χ3 + h.c.− λχ|χ|4 −
1
2
λφχ(v
′ + h′)2|χ|2, (39)
Z5 : LZ5 = −λ1v′S2χ† − λ2v′Sχ2 − λ3S†χ3 + h.c. (40)
Here, v′ is the VEV of a dark Higgs, which is expanded as φ = (v′+h′)/
√
2. Moreover, the
dark photon Z ′ gets mass of mZ′ = 3gDv′ or 5gDv′ in the Z3 or Z5 cases. The resonance
poles for 3→ 2 processes appear at mh′ = 3mχ in the Z3 case and mS = 3mχ or mχ = 3mS
in the Z5 case. For the 3→ 2 dominance, we need to suppress the 2→ 2 annihilations in
the dark sector, requiring that mZ′ ,mh′ > mχ.
In the non-relativistic limit of dark matter, the 3→ 2 annihilation cross sections with
a resonance for discrete gauge symmetries take the form,
(σv2)Zn = Cn
γn
(n − 23η)2 + γ2n
(41)
where n =
m2n−9m2χ
9m2χ
and γn =
mnΓn
9m2χ
with m3 = mh′ and m5 = mS or mχ, and Cn is given
by
C3 =
√
5κ2
12βχm5χ
(
1 +
λφχv
′2
m2χ
)2
, (42)
Cχ5 =
√
5
12β′χm5χ
(
λ3 +
2λ1λ2v
′2
4m2χ −m2S
)2
, (43)
CS5 =
√
5
3βSm5S
λ21λ
2
2v
′4
(4m2S −m2χ)2
. (44)
Here, Cχ,S5 denote the coefficients for χ and S SIMP dark matters in Z5 models, respectively,
and βχ ≡
√
1− 4m2χ/m2h′ , β′χ ≡
√
1− 4m2χ/m2S, and βS ≡
√
1− 4m2S/m2χ. The width of
the resonance is approximated by the partial decay width of the two-body decay mode,
h′ → χχ∗ in the Z3 case and S → χ∗χ∗ or χ→ SS in the Z5 case, as follows,
Γh′ =
λ2φχv
′2
16pimh′
√
1− 4m
2
χ
m2h′
, (45)
ΓS =
λ22v
′2
8pimS
√
1− 4m
2
χ
m2S
, (46)
Γχ =
λ21v
′2
8pimχ
√
1− 4m
2
S
m2χ
. (47)
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Figure 5: Relic density as a function of n (Cn) in the s-wave models in the left (right)
panels. Blue solid line corresponds to the central value of the relic density by Planck. The
results are shown in the narrow width approximation.
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Figure 6: Parameter space for DM cubic coupling vs mass, satisfying the relic density for
Zn models. The results are shown in the narrow width approximation. κ for the Z3 model
can be replaced by λ3 for the Z5 model. n = 0.01, 0.02, 0.06 are chosen from top to bottom
lines.
We note that there are also three-body decay modes of the resonance in both Z3 and Z5
models, but the corresponding decay rates are suppressed by extra phase space, roughly
by 2n/(4pi
2) for a constant squared decay amplitude, as compared to the two-body decay
rates. Therefore, near the resonance with n . 0.1, the three-body decay contributions to
the total decay rate of the resonance can be ignored.
Then, since the 3 → 2 processes are s-wave in all the cases above, using the result in
eq. (20), we obtain the thermal average as
〈σv2〉Zn =
3
4
Cnpix
3G0(zn;x), (48)
with zn ≡ n + iγn. In the narrow width approximation, the above result becomes
〈σv2〉Zn ≈
27
16
Cnpi
2
n x
3 e−
3
2
xn θ(n). (49)
In Fig. 5, we show the relic density Ωh2 as a function of n (Cn) in the left (right) panel for a
fixed Cn (n). These results are for the resonance cases with s-wave annihilation, which are
applicable to Zn models. DM mass is chosen to 100(200) MeV in the upper (lower) panel.
Moreover, in Fig. 6, we show the parameter space for DM cubic coupling and mass satisfying
the relic density measured by Planck, depending on the value of R = 0.01, 0.02, 0.06 from
15
top to bottom. The DM cubic coupling is given by κ for the Z3 model and λ3 for the Z5
model. Here, the narrow width approximation is assumed. As a consequence, we find that
the required value of κ for the relic density varies by a factor of 3 − 5, depending on n.
We note that we kept only the resonant channels in Zn models to show the dependence on
the resonance pole but extra non-resonant channels to the same 3 → 2 process can allow
for a smaller κ coupling [5,8,9]. Furthermore, other couplings such as λχ make the model
consistent with the bound on the self-scattering cross section of dark matter [5, 8, 9].
5.2 Dark mesons
We consider non-abelian gauge symmetries with flavor groups in the dark sector, such as
SU(Nc) gauge symmetry and SU(Nf ) × SU(Nf )/SU(Nf ) coset space for flavor group.
The Wess-Zumino-Witten(WZW) terms [12, 13] are responsible for 3 → 2 processes for
dark mesons [2, 14]. When dark quarks are charged under a dark local U(1), the dark
gauge boson Z ′ has vector-like couplings to dark quarks, resulting in dark meson couplings
such as Z ′ − pii − pij − pik and Z ′ − pii − pij [4, 13]. In this case, a gauge kinetic mixing
between dark photon and SM hypercharge gauge boson allows for dark matter to be in
kinetic equilibrium until freeze-out, and the extra 2 → 2 (semi-)annihilation channels,
pipi → Z ′Z ′(pi), is kinematically forbidden2 for mZ′ > mχ. Furthermore, the 3→ 2 process
for dark mesons can have a resonance at mZ′ = 3mpi.
The effective Lagrangian for dark mesons including WZW terms is the following,
Lpi = 1
4
Tr
(
Dµpi(D
µpi)†
)
+
2Nc
15pi2F 5
µναβTr
(
pi∂µpi∂νpi∂αpi∂βpi
)
+
igDNc
3pi2F 3
µναβZ ′µTr
(
QD∂νpi∂αpi∂βpi
)
+ · · · (50)
where F is the decay constant of dark mesons, pi ≡ 2T apia with T a satisfying [T a, T b] =
ifabcT
c and belonging to SU(Nf ) × SU(Nf )/SU(Nf ) (e.g. λa = 2T a being Gell-Mann
matrices for Nf = 3), and the covariant derivative for dark mesons is given by Dµpi =
∂µpi+ igDZ
′
µ[QD, pi]. Here, QD is the dark charge operator which is chosen to be TrQD 6= 0
and Q2D = 1 for the absence of chiral anomalies [4,14]. For the 3→ 2 dominance, we need
to suppress pipi → Z ′Z ′(pi), requiring mZ′ & 2(32)mpi.
First, the WZW terms for dark mesons lead to the d-wave suppressed 3→ 2 processes
for dark mesons and the corresponding annihilation cross section takes the following form
in the velocity expansion,
(σv2)WZW = CWZW
(1
4
(v21 + v
2
2 + v
2
3)
2 − 1
2
(v41 + v
4
2 + v
4
3)
)
. (51)
2We note that the forbidden channels can be still important for determining the relic density if mpi <
mZ′ . 2( 32 )mpi [9].
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Thus, as there is no resonance, we can make use of eq. (18) to get the thermal average as
〈σv2〉WZW = 2CWZWx−2, (52)
where CWZW depends on group factors. The result agrees with Ref. [2].
The gauged WZW terms for dark mesons lead to additional 3 → 2 processes for dark
mesons with a resonance. After the dark photon is integrated out, the resulting effective
interaction is
L′pi =
16g2DNc
3pi2m2Z′F
3
Tr
(
QD[T
a, T b]
)
Tr
(
QDT
cT dT e
)
µναβpia∂µpi
b∂νpi
c∂αpi
d∂βpi
e. (53)
For the resonance case, we only have to replace 1/m2Z′ by −1/(s−m2Z′) where s is the center
of mass energy for 3→ 2 processes. As the gauged WZW terms lead to the effective 5-point
interactions of the same form as the one of the ungauged WZW terms, the corresponding
3→ 2 annihilation cross section is given by
(σv2)gWZW = CgWZW
(1
4
(v21 + v
2
2 + v
2
3)
2 − 1
2
(v41 + v
4
2 + v
4
3)
) γZ′
(Z′ − 23η)2 + γ2Z′
, (54)
where Z′ =
m2
Z′−9m2pi
9m2pi
and γZ′ =
mZ′ΓZ′
9m2pi
and CgWZW depends on group factors as well as
the dark charge operator QD. Here, the decay rate of the dark photon is approximated by
the two-body decay to be
ΓZ′ =
g2D
48pi
Tr(Q2pi)mZ′
(
1− 4m
2
pi
m2Z′
)3/2
. (55)
Then, in the narrow width approximation, using the result in eq. (24) and doing an explicit
integration for the thermal average of the terms with v2i v
2
j , i 6= j, we get the thermal average
of the additional 3→ 2 annihilation cross section as
〈σv2〉gWZW = 729
32
CgWZWpi
4
Z′ x
3 e−
3
2
Z′ θ(Z′). (56)
In this case, the resulting averaged cross section has a higher power dependence on R near
resonance, due to the overall d-wave suppression of the 3→ 2 annihilation cross section.
6 Generalizations
In this section, we generalize our previous discussion on the thermal average to the cases
with non-degenerate masses in the initial states or the n+ 2→ 2 annihilation processes.
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6.1 3→ 2 co-annihilations
The results on thermal average can be generalized to the case with non-degenerate masses
in the initial states of the 3→ 2 process [15], namely, the co-annihilation between multiple
components of dark matter. In this case, we consider the momenta pi(i = 1, 2, 3) instead
of velocities vi(i = 1, 2, 3) in the integration and the velocity expansion of the 3 → 2
annihilation cross section.
For simplicity, we take the 3 → 2 annihilation cross section as a function of the total
kinetic energy, namely, K =
p21
2m1
+
p22
2m2
+
p23
2m3
, in the non-relativistic limit. Then, the thermal
average for the case with non-degenerate masses can be simply given by the one for the
case with degenerate masses where mDM is replaced by (m1 + m2 + m3)/3 in eqs. (14)
or (20), depending on whether the process is non-resonant or resonant. This result is
particularly useful for the s-wave 3 → 2 process with non-degenerate masses. But, if the
3→ 2 co-annihilation process is velocity-suppressed, one needs to take care of the thermal
average of all the individual velocity terms, that are not necessarily SO(9) invariant due
to mass differences.
6.2 Higher-order DM annihilations
We can generalize our previous discussion to the thermal average for n+2→ 2 annihilation
processes [1,16] with initial particles having the same masses. We denote the corresponding
annihilation cross section by (σvn+1) and the corresponding thermal average is given by
〈σvn+1〉 =
∫
d3v1 · · · d3vn+2 δ3(~v1 + · · ·+ ~vn+2)(σvn+1) e− 12x(v21+···+v2n+2)∫
d3v1 · · · d3vn+2 δ3(~v1 + · · ·+ ~vn+2) e− 12x(v21+···+v2n+2)
. (57)
Then, in the case of the SO(3(n + 2)) invariant velocity expansion, namely, (σvn+1) =∑∞
l=0
al
l!
ηl with η = 1
2
(v21 + · · · + v2n+2), we obtain the thermal average in a simple matter
as
〈σvn+1〉 = x
3
2
(n+1)
Γ(3
2
(n+ 1))
∫ ∞
0
dη η
1
2
(3n+1)+l e−xη
=
1
Γ(3
2
(n+ 1))
∞∑
l=0
Γ
(3
2
(n+ 1) + l
)al
l!
x−l. (58)
Likewise in the case of 3 → 2 processes, in most cases, the most important terms appear
up to p-wave terms that are SO(3(n+2)) invariant, so the above result gives rise to a good
approximation for the full average of n+ 2→ 2 processes.
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7 Conclusions
We have presented general results on the thermal average of 3 → 2 annihilation cross
sections of dark matter. The results can be important to improve the calculation of the
dark matter abundances in the case with strong velocity-dependence and resonance poles.
We have shown some examples on SIMP dark matter where the obtained results can be
applied and have extended our discussion to the case with the 3 → 2 co-annihilation and
even higher-order annihilation processes.
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